In non-commutative field theories conventional wisdom is that the unitarity is noncompatible with the perturbation analysis when time is involved in the non-commutative coordinates. However, as suggested by Bahns et. al. recently, the root of the problem lies in the improper definition of the time-ordered product. In this article, functional formalism of S-matrix is explicitly constructed for the φ p scalar field theory using the field equation in the Heisenberg picture. This S-matrix is manifestly unitary. Using the free spectral (Wightmann) function as the free field propagator, we demonstrate the perturbation obeys the unitarity, and present the exact two particle scattering amplitude for 1+1 dimensional non-commutative nonlinear Scrödinger model.
Introduction
Quantum field theory on noncommutative spacetimes arises typically in restrictive phase space [1] and has some applications in condensed matter physics such as in quantum Hall effect [2] . This formalism has much more interesting features if the non-commuting coordinates involve time, i.e. non-commuting space-time. The framework of this noncommutative spaces can implement the possible deviations from the smoothness of spacetime at small distances and results in a modification of uncertainty relations for spacetime coordinates [3] .
Despite this facinating possibility in space-time non-commutative field theories, in the perturbative field theories [4] it is asserted that the theories possess a serious problem, i.e., the lack of unitarity [5] and there are some atempts to cure this problem such as in the Hamiltonian picture [6] .
Contrary to this view, Bahns et. al. [7] recently pointed out that this unitarity problem is not inherent in the non-commutative field theories but rather due to the ill-defined timeordered product expansion.
In this article we elaborate on this view. In section 2, we present the S-matrix explicitly in the functional form and how unitarity problems are cured. In terms of perturbative loop correction, the same result is presented in section 3. As a further concrete example, we present exact 2-particle scattering amplitude for the non-commutative version of the integrable non-linear Scrödinger model in 1+1 dimension.
S-matrix
Quantum field theory on the noncommutative spacetime can be constructed into a nonlocal field theory on a commutative spacetime, using ⋆-product of fields. One of the convenient ⋆-product representations is the Moyal product,
where a ∧ b = a µ θ µν b ν . θ µν is an antisymmetric c-number representing the space-time non-commutativeness,
. This Moyal product makes the kinetic term of the action the usual field theory, and allows the conventional perturbation with the proper vertex correction corresponding the nonlocal interaction [4] .
We adopt a real scalar field theory for simplicity. The Lagrangian constitute of the free part and interacting part. The interaction Lagrangian in D − 1 space is given as
where g is a coupling constant.
theory where p is a positive integer. To construct the S-matrix, we assume the in-coming and out-going field satisfy the free field commutator relation
and the in-and out-fields are related by
in the Heisenberg picture [8] . The field at arbitrary time can be obtained from the field equation
where ξ is the functional of fields, derived from the interaction Lagrangian
Its solution is given using the retarded progator
where
. Now the out-field can be put iteratively in terms of the in-field,
if φ is written as φ = φ 0 + φ 1 + φ 2 · · · where φ n represents the order of g n contribution. A few explicit solutions of φ n 's are given as
As x 0 → ∞ the fields φ(x) reduces to the out-field φ out and ∆ ret (x) → −∆. On the other hand, with the form of S-matrix S = e iδ the out-field would be written as
The first order term in g results in the equation,
where the interaction Lagrangian is written in terms of in-field only. The higher order contributions are consistent with this solution, Eq. (10), if the operators are time-ordered properly,
This is equivalent to the time ordering of the operators outside the ⋆-product:
as pointed out in [7] . This time ordering is the main difference from the previously proposed perturbation rule of the ⋆-product action. The S-matrix is given as
It is obvious that unitary is trivially satisfied like in the commutative field theories,
From the S-matrix of Eq (14), scattering amplitudes can be constructed as a perturbative series in the coupling constant. We emphasize that this S-matrix is obtained using the Langrangian formalism in the Heisenberg picture. The equivalence of the Hamiltonian formalism such as in [6] is not easy to see since the symplectic structure is not simply tractable due to the explicit time dependence of fields in the interaction Langrangian.
Propagator and Unitarity
To illustrate this point concretely, let us consider φ 3 theory. The one loop contribution to the self-energy is given from the S-matrix Eq. (14)as a a
where x = x 1 − x 2 . Negative sign in the right hand side is due to the vertex factor (−i) 2 . The ∆ ± is the free spectral function, ∆ − (x) = ∆ + (−x),
. The star product of ∆ ± 's are defined by
due to the Feynman rule derived from Eq. (14), and is given in momentum space as
We put the arrow in the diagram to signify the positive frequency part. F − (p) is similary defined with negative frequency part and F − (p) = F + (−p). This one-loop integration has been also carried out [5] in terms of the covariant Feynman propagator, i△
These two approaches are equivalent if the noncommutative coordinates involve only the space coordinates (θ 0i = 0) since in this case
However, for the problematic space-time non-commutative case (θ 0i = 0), two approaches are not the same anymore. The one-loop result Eq. (19) has been the essential demonstration of the non-unitarity of the theory [5] . On the other hand, if the spectral function △ ± is used instead of the Feynman propagator, the unitarity relation is easily checked; the one-loop correction F + (p) in Eq. (18) is written on-shell,
F + (p) gives a finite contribution when p 2 > 4m 2 . In CM (p 0 = E, p = 0 ), this gives
The similar one-loop result can be used to check the unitarity of the scattering matrix in φ p ⋆ theory. And one can go on for higher loop contributions without any conceptual difficulty. We back up this idea further using an integrable field theory. In 1+1 dimension, non-relativistic nonlinear Scrödinger model is known to be integrable and its exact Smatrix is known [9] . Here, we give the exact two-particle scattering matrix for the noncommutative version of the model with θ 01 = θε 01 . This model is the 1+1 dimensional version of the non-relativistic φ 4 theory [10] .
Non-relativistic nonlinear Scrödinger Model in 1+1 dimension
The free Lagrangian of this model is the conventional Scrödinger one and the interaction Lagrangian is given as
where we use the bold-face letter for spatial vector to distiguish from the 2-vector. The
